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In condensed matter physics, one of the major topics is to find out and classify interesting novel
topological matters and phenomena. Topologically nontrivial systems can also be achieved by using
periodical driving fields. On the other hand, ratchet effect can be used to collect useful work
from fluctuations or realize directed transport in periodically-driven systems. Here, we promote
a dimer chain by applying two mutually-perpendicular ac electric fields, and obtain an effective
two-dimensional Hamiltonian in the low-frequency regime. We thereby derive quantum Floquet
anomalous Hall (QFAH) conductance and then find a quantized ratchet effect in the resulting
current along the chain. Our further analysis shows that these originate from the electric fields only.
This lengthwise quantized ratchet effect without magnetic field should be useful to designing novel
high-performance electronic applications.
Since the discovery of quantum Hall effect[1], finding
topologically nontrivial matters and phenomena has be-
come one of the major tasks for physicists[2–19]. Un-
like the traditional phase transition based on symmetry
breaking and Landau-Ginzburg theory, the topological
matter transforms from one phase to another with the
change of its topological number, which can be winding
number, Chern number, Z2 number etc[4, 13, 14, 20–23].
One of the most exciting features of topologically nontriv-
ial matters is the robust gapless edge states, which may
be greatly useful in the electronic technology and quan-
tum devices. Generally, given a topological material one
can deduce the phase diagram by calculating the topolog-
ical number in the presence of certain symmetry[24, 25].
While this procedure can be greatly enriched by peri-
odically driving some materials with light or ac electric
fields[26–34]. The time periodicity can provide the ef-
fective Hamiltonian an extra dimension and an effective
electric field[28].
Ratchets, defined as periodically driven spatially asym-
metrical systems, can be used to collect useful work from
fluctuations or harvest dissipated energy[36, 37]. On
the other hand, spin and magnetic ratchets are used to
produce directed spin and magnetic transports in the
presence of magnetic field or spin magnetization[38–40].
Ratchet effect is also found in graphene irradiated with
ac electric field in the presence of an in-plane magnetic
field, being able to produce a directed dc current[41].
These effects are highly desirable for spintronic applica-
tions. Magnetic field or magnetization is necessary to
producing such ratchet effects[38–41].
Here, we use a simple one-dimensional (1D) dimer
chain driven by two ac electric fields to realize a Floquet
effective two-dimensional (2D) Hamiltonian and obtain
quantum Floquet anomalous Hall (QFAH) conductance.
This is in contrast to previous quantum Hall effects on
2D systems driven by periodical fields[42–44]. Further-
more, we find a unidirectional ratchet current along the
chain and show that its coefficient is quantized in units
of the Hall conductance times the frequency of the main
field. Our further analysis shows that this ratchet effect
originates from the ac electric fields only. More detailed
results will be presented in the following.
Our model is a one-dimensional dimer chain driven
by two mutually-perpendicular ac electric fields, as il-
lustrated in Fig. 1. We define the xˆ direction to be along
the chain, and use τ and τ ′ to describe the two hop-
ping parameters. One of the ac electric fields is described
by a vector potential A(t) = A0 cos(ωt) of frequency ω
in the xˆ direction, and the other is an ac electric field
E(t) = E0 sin(2ωt) in the yˆ direction. The vector poten-
tial is equivalent to an electric field A0ω sin(ωt). After
making the standard Peierls substitution k 7→ k+ eA/~,
the time-periodical Hamiltonian is given by
H(k, t) = (τ ′+τe−i(k+A(t))a)c†kAckB+h.c.+c
†
kAckAebE(t)
(1)
where the electron charge e and Planck constant ~ are set
to unit. Here, we suppose the dimer chain to be zigzag
so that the A and B sites have different yˆ coordinates,
but the zigzag shape is not necessary for achieving non-
trivial properties. It should be pointed out that the ac
electric field E(t) is necessary to make the model become
topologically nontrivial. Without the E(t) field, in high
frequency regime (ω ≫ τ, τ ′) the time-dependent model
is equivalent to a time-independent dimer chain with hop-
ping parameters renormalized by the amplitude of A(t),
and in low frequency regime (ω ≪ τ, τ ′) the system can
be treated as a 2D lattice belonging to BDI class and
is trivial [28]. In contrast, the E(t) field causes different
electric potentials between A and B sites, and thereby can
make the system become topologically nontrivial[24].
We shall investigate the model (1) by using the Flo-
quet theory and the approach developed by Go´mez-Leo´n
2FIG. 1: The zigzag dimer chain driven by two ac
electric fields. The dimer chain is in the xˆ direction and
has a as the lattice constance. There is a yˆ coordinate
difference b between the A and B sites. τ and τ ′ are the
hopping constants. The A(t) field is in the xˆ direction
and the E(t) field in the yˆ direction.
and Platero [28]. With the Floquet-Bloch ansatz[45],
the states of a periodically driven Hamiltonian H(x, t +
T ) = H(x, t) can be expressed as |Ψα,k(x, t)〉 =
eik·x−iǫα,kt|uα,k(x, t)〉[28, 46], with the band index α, the
quasienergy ǫα,k, and the periodical Floquet-Bloch states
|uα,k(x, t + T )〉 = |uα,k(x, t)〉. Thus the time-dependent
Schro¨dinger equation reduces to
[H(k, t)− i∂t]|uα,k〉 = ǫα,k|uα,k〉 (2)
We can define HF = H(k, t)−i∂t as the Floquet opera-
tor, and expand the states in the composed Hilbert space
S = H ⊗ T [47], where H is the ordinary Hilbert space
and T is the T-periodical function space coming form
the Fourier transformation |uα,k(t)〉 =
∑
n |uα,k,n〉e
inωt
and cα,k(t) =
∑
n cα,k,ne
inωt. With the inner product
〈〈· · ·〉〉 = 1
T
∫ T
0 〈· · ·〉dt, HF can be expressed in space S:
〈n|HF |m〉 =
1
T
∫ T
0
H(k, t)e−i(n−m)ωtdt− nωδn,m (3)
Consequently, the matrix elements of the Floquet opera-
tor can be written as
(HF )n,m =Bnm(kx)c
†
kxAn
ckxBm +B
∗
nm(kx)c
†
kxBn
ckxAm
+ (δn,m+2 − δn,m−2)iDc
†
kxAn
ckxAm
− nωδn,m(c
†
kxAn
ckxAm + c
†
kxBn
ckxBm)
(4)
where we have D = ebE0π/ω and Bnm = τ
′[δn,m +
λe−ikxaJn−m(A0a)e
−ipi
2
(n−m)], with λ = τ/τ ′, and Jl(α)
is the lth Bessel function of the first kind. For simplicity,
we use Jl to denote Jl(A0a).
To investigate the Hamiltonian Eq. (4), one can take
{n} to form an additional dimension in the fˆ direction
and thus treat the Hamiltonian as an effective 2D TB
model in the ’real’ space (xˆ,fˆ), as illustrated in Fig.
2. Accordingly, we have effective hopping parameters:
τ0 = τJ0, τ±1 = −iτJ1, τ±2 = −τJ2, and γ
′
±2 = ±iD.
Usually, we restrict the strength of field by requiring
A0a ≤ 1 to make sure that the J3 terms and so on are
FIG. 2: The effective 2D lattice of the periodically
driven dimer chain. The additional fˆ dimension is
spanned by {n} due to the periodicity. Other hopping
constants of higher orders are neglected because of
A0a ≤ 1. The effective electric field is Eeff = ω.
small enough to be neglected. The last term of Eq. (4)
will be equivalent to an effective electric field Eeff = ω in
the fˆ direction. Transforming the frequency space {m} in
the fˆ direction to the corresponding ’momentum’ space
kf (taking values in [−π, π]), we obtain an effective 2D
k space, (kx, kf ). It can be proved that the Hamiltonian
is diagonal in kx. Because we focus on low frequency
dynamics, the last term in Eq. (4) can be treated as a
perturbation, and will be taken into account later. Defin-
ing ck = (ckA, ckB)
T , we can express the remainder of Eq.
(4) as c†kH0(k)ck. Thus, the effective matrix Hamiltonian
H0(k) is given by
H0(kx, kf ) = dxσx + dyσy + dzσz , (5)
where the coefficients are defined as: dx = τ
′ + τ [J0 −
2J2 cos(2kf )] cos(kxa)−2τJ1 sin(kxa) cos kf , dy = τ [J0−
2J2 cos(2kf )] sin(kxa) + 2τJ1 cos(kxa) cos kf , and dz =
−D sin(2kf ).
Interestingly, the effective Hamiltonian represents a
torus in the (dx,dy,dz) space. It should be noted that
this torus is a double torus, i.e. each point on the
torus maps to two points in the first Brillouin zone of
the momentum space (kx, kf ). Therefore, the Hamil-
tonian has four extremum points: K = (π/a,−π/2),
K
′ = (π/a, π/2), Γ = (kxc, 0), and Γ
′ = (−kxc, π). K
and K′ map to the point (1−λ/W1,0,0) in the (dx,dy,dz)
space, and Γ and Γ′ to another point (1 − λ/W2,0,0),
where W1 and W2 are defined by W1 = 1/(J0+2J2) and
W2 = 1/
√
(2J1)2 + (J0 − 2J2)2. The value of kxc will be
given in the following. Near each of the four points, the
effective low-energy physics can be described with neither
Dirac nor Weyl equation, but the first (last) two points
are degenerate in energy. The local properties near K
and K′ can be described with four-component states in-
cluding valley pseudo-spin freedom, and so can Γ and
Γ
′. In addition, they are gapped unless the zero mass
condition is satisfied. Therefore, we can denote them by
Dirac points for convenience. Because of W1 6= W2 for
A0a > 0, we can have two massless Dirac points at most
for a λ value. For W1 6= λ 6=W2, the quasi-energy bands
3FIG. 3: The band structure of the effective
Hamiltonian, with the four Dirac points labelled. The
parameters are set to τ = τ ′ = 1, A0a = 1, and D = 0.2.
are gapped. We illustrate the band structure and label
the four Dirac points in Fig. 3.
Following the standard approach to quantum Hall ef-
fect, we can derive a Hall conductance for the (xˆ,fˆ) space
through the Chern number NC by integrating the curva-
ture F (k) of Berry phase Aj(k) over the 2D Brillouin
zone,


σ2D =
e2
h
NC =
e2
2πh
∫
dkxdkfF (k)
F (k) =
∂Af (k)
∂kx
−
∂Ax(k)
∂kf
Aj(k) = −i〈ψg(k)|
∂
∂kj
|ψg(k)〉
(6)
where j can take xˆ or fˆ . The ground-state wavefunction
of H0, |ψg(k)〉 = (ψgA(k), ψgB(k))
T , is obtained from
the Hamiltonian (5). One should be careful because the
U(1) gauge of the states is not always well defined on the
whole BZ unless the Chern number is zero. One should
cautiously divide the BZ into different regions and set
down the gauge separately.
Alternatively, we can calculate the Hall conductance
by using a physically transparent method[15]. With the
variation of parameter λ, the torus will move along the
dx axis. When the origin point is outside the torus, the
Hamiltonian is trivial. When the origin point penetrates
the torus, the mass term will change sign at the massless
Dirac points. As a result, in order to study the topo-
logical property of the torus, we need only to investigate
the helicity of the massless Dirac points. For brevity, τ ′
will be set to 1 in the following. When the condition of
λ = W1 is satisfied, K and K
′ become massless Dirac
points. Expanded near one of the two massless Dirac
points, the Hamiltonian (5) can be expressed as
H(KD) = mKσx − λ(
kx
W1
+ 2ǫDJ1kf )σy + 2Dkfσz (7)
where mK = (1 −
λ
W1
), KD is either K or K
′, and
ǫD is equivalent to +1 or -1, accordingly. The k vari-
able in Eq. (7) is defined with respect to KD. By ro-
tating anticlockwise the local Hamiltonian along the y
axis, it can be rewritten as the standard form, H(KD) =∑
i,j Ai,j(KD)kiσj +mKσz, where the sum is over x and
y. The resulting matrix A can be given by
A(KD) =
(
0 − λ
W1
−2D −2λǫDJ1
)
(8)
Except the different signs for ǫD, the local Hamiltonian
near the two massless Dirac pints have the same form. It
can be proved that the two massless Dirac points have the
same helicity: sgn(det[Aij ]) = −1. As is well known[15],
when the mass term of a Dirac point changes from M0
to M1, the Hall conductance will have a change: ∆σxy =
e2
2h sgn(det[Aij ])[sgn(M1) − sgn(M0)]. As a result, when
the parameter λ−W1 changes from negative to positive
values, the Hall conductance of the effective 2D lattice
model will increase by 2e2/h.
When λ = W2 is satisfied, Γ and Γ
′ become massless
Dirac points. The same discussion applies to these two
massless Dirac points. From Eq. (5), we obtain tan kxc =
−2J1ǫ
′
D/(J0−2J2) < 0, where ǫ
′
D is equivalent to 1 and -
1, respectively. kxc lies in the second quadrant for ǫ
′
D = 1,
or in the third quadrant for ǫ′D = −1. The same effective
2D Hamiltonians near both Γ and Γ′ are derived:
H(ΓD) = mΓσx +
λ
W2
kxσy − 2Dkfσz, (9)
where mΓ = 1−
λ
W2
. The standard form of the A matrix
reads
A(ΓD) =
(
0 − λ
W2
2D 0
)
(10)
Consequently, when the parameter λ−W2 changes from
negative to positive value, the Hall conductance of the
effective 2D lattice model decreases by 2e2/h.
When λ is equivalent to 0 or∞, the effective 2D lattice
is definitely trivial. The analysis above implies that when
λ is between W1 and W2, i.e. W2 < λ < W1, the effec-
tive 2D xˆ-fˆ lattice model has a QFAH phase with Hall
conductance σ2D = −2e
2/h; and the Hall conductance is
quantized in units of 2e2/h, with the Chern number be-
ing -1. For λ > W1 or λ < W2, the effective 2D lattice is
trivial and causes zero Hall conductance, with the Chern
number being 0. We present the topological phase dia-
gram in Fig. 4. Because this quantized Hall conductance
is derived in the absence of any magnetic field, these are
actually quantum Floquet anomalous Hall QFAH states
for the (xˆ,fˆ) space, as is usually defined [18, 19].
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FIG. 4: The (A0a,λ) phase diagram. The quantum
Floquet anomalous Hall (QFAH) phase is determined
by W2 < λ < W1, and elsewhere is the trivial insulating
(I) phase.
Now we address the last term in Hamiltonian (4). It
can be expressed as c†kH
′(k)ck, and can be proved[28]
to be equivalent to an effective electric field Eeff = ω in
the additional fˆ dimension. Because we already have the
quantized anomalous Hall conductance σ2D = −2e
2/h in
the effective 2D xˆ-fˆ space, we can naturally obtain a uni-
directional current jx(n) = jx = σ2Dω in the xˆ direction.
It is interesting that jx(n) is a constant, independent of
both of the coordinates in the 2D xˆ-fˆ space. The Fourier
transformation from the composed Hilbert space to the
real space leads to the time-dependent one-dimensional
current:
jx(t) =
∑
n
jx(n)e
−inωt = jx
∑
m
δ(t−mT ) (11)
Because of jx < 0, we can conclude that the current is
unidirectional in the xˆ dimension and periodical in time
t, as demonstrated in Fig. 5. The average value of the
current over one period is equivalent to jx = σ2Dω. Con-
sidering that our dimer chain can have the inversion sym-
metry in the xˆ axis for λ = 1 and the two driving fields
are purely ac electric fields, this periodical unidirectional
current makes a lengthwise ratchet current. Because the
Floquet anomalous Hall conductance is quantized, jx is
also quantized in units of σ2Dω. Therefore, this is a quan-
tized ratchet effect in the xˆ axis.
For open boundary condition for the dimer chain, the
effective 2D model will possess edge states if it is topo-
logically nontrivial. Considering that the model is still
periodical in the fˆ direction, the condition of existence
of edge states is the nonzero winding numbers of the ef-
fective Hamiltonian which is the function of kf [28].
The second ac electronic field E(t) = E0 sin(2ωt), caus-
ing the D term in H0 of Eq.(5), breaks the time rever-
sal symmetry of the effective 2D lattice, i.e. H∗0 (k) 6=
H0(−k). Without the D term, we should have γ
′
±2 = 0
and the electron hopping along a circle does not get a
0 1 2 3 4 5
t/T
j x
(t
)(
−
2
e2 h
w
)
FIG. 5: The time dependence of the lengthwise ratchet
current for the nontrivial phase defined by
W2 < λ < W1 in the phase diagram.
nonzero phase, but with the D term added, the elec-
tron hopping through τ2, γ
′
−2 and τ
†
0 will get a nonzero
phase π/2. Thus the phase factor on the hopping pa-
rameters cannot be removed by gauge transformation,
which implies that the electron hopping breaks time re-
versal symmetry. It is necessary to make the frequency
of E(t) twice that of A(t). If E(t) would have the fre-
quency of ω, the symmetry H0(kx, kf ) = H0(kx, π − kf )
should make the Hamiltonian a cylinder, which is trivial
all the time. The same reason holds for other odd num-
bers times ω. Even numbers times ω for E(t) can make
nontrivial torus Hamiltonian, but the double frequency
is the best for simplicity.
Our 1D dimer model can be easily realized with Poly-
acetylene [(CH)x], used in original Su-Schrieffer-Heeger
model[48, 49]. It is reasonable to use typical parameters:
λ ≃ 1, τ ≃ 2.2eV, and a ≃ 2.4A˚. In addition, it can be
realized in some 1D adatom systems on semiconductor
surfaces[50] and some cold atom systems. The condition
of strength for the A(t) field, A0a ≤ 1, can be easily
satisfied, and especially when the parameter λ is near 1,
A0a ≪ 1 can be realized. It is certain that the condi-
tion of low frequency, ω ≪ τ, τ ′, can be satisfied. On the
other hand, because the ratchet current is proportional
to the frequency ω, it is reasonable to take as large ω
as possible. As for the strength of the E(t) field, any
nonzero value is enough to achieve the QFAH states and
the quantized ratchet effect.
In summary, we have promoted a 1D dimer chain by
applying two mutually-perpendicular ac electric fields
and obtained an effective 2D Hamiltonian (with a time-
related extra dimension) in the low frequency regime. We
have shown that the 2D effective model hosts a QFAH
phase featuring a quantized Hall conductance and the
QFAH states cause a unidirectional ratchet current along
the chain. The lengthwise current is quantized in units
of the Hall conductance times the frequency of the field
A(t). Our further analysis indicates that because no mag-
netic field is applied and the inversion symmetry in the
xˆ axis is kept for λ = 1, the QFAH states and the quan-
tized ratchet effect originate from the electric fields only.
The lengthwise quantized ratchet effect without magnetic
field can be used to design novel high-performance elec-
5tronic applications.
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